We give necessary and sufficient conditions for a 4-manifold to be a branched covering of CP 2 , S 2 × S 2 , S 2 × S 2 and S 3 × S 1 , which are expressed in terms of the Betti numbers and the intersection form of the 4-manifold.
Introduction
In [14] the first author proved that any closed orientable PL 4-manifold M is a simple 4-fold covering of S 4 branched over a closed locally flat PL surface selftransversally immersed in S 4 . Subsequently, in [7] the self-intersections of the branch surface were shown to be removable once the covering has been stabilized to degree five, obtaining M as a 5-fold covering of S 4 branched over a closed locally flat PL surface embedded in S 4 . On the other hand, it is a classical result of algebraic geometry that any smooth complex algebraic surface S ⊂ CP n is a holomorphic branched covering of CP 2 , where the branch set is an algebraic curve in CP 2 with nodes and cusps as the only singularities. Furthermore, Auroux in [1] extended this result to all closed symplectic 4-manifolds M, proving that they are realizable as "symplectic" coverings of CP 2 branched over a symplectic surface in CP 2 with nodes and cusps as the only singularities. This means that, up to an integer factor, the symplectic form of M is the lifting of the standard one of CP 2 by such a branched covering. Hence, it is interesting to study the topology of branched coverings of CP 2 , and a natural question is the following: which closed oriented 4-manifolds are realizable as branched coverings of CP 2 ? In this paper we give a complete answer to this question, by proving that a closed connected orientable PL 4-manifold M is a simple branched covering of CP 2 (branched over an embedded locally flat surface) if and only if the second Betti number b 2 (M) is positive. In addition, we also characterize the 4-manifolds M that are branched coverings of S 2 × S 2 , S 2 × S 2 and S 3 × S 1 . The proofs of all these results follow the same idea: we split M into two pieces, based on certain submanifolds N ⊂ M, and represent them as branched coverings of standard bounded 4-manifolds by using [15] , then we glue such branched coverings together. As a consequence of this argument, we also obtain a representation of the submanifolds N ⊂ M as branched coverings of suitable standard submanifolds of the base spaces considered above.
For the sake of convenience, we work in the PL category. Nevertheless, our results can be easily translated into the smooth category as well, being PL = Diff in dimension four.
Statements
We start by briefly recalling the notion of branched covering, in order to introduce some terminology (see [3] or [6] for more details).
A map p : M → N between compact oriented PL manifolds having the same dimension n is called a branched covering if and only if it is a non-degenerate orientation preserving PL map with the following properties: 1) there is an (n−2)-dimensional polyhedral subspace B p ⊂ N, the branch set of p, such that the restriction
is an ordinary covering of finite degree d(p) (we assume B p to be minimal with respect to this property); 2) in the bounded case, p −1 (∂N) = ∂M and p preserves the product structure of a collar of the boundaries (which implies that the restriction to the boundary p | : ∂M → ∂N is a branched covering of the same degree of p).
Moreover, p is called simple if the monodromy of the above mentioned ordinary covering sends any meridian around B p to a transposition. In this case, also the restriction to the boundary p | : ∂M → ∂N is simple. Now we can state our main theorems, where the following notations are used: CP 2 and CP 2 for the complex projective space with the standard and the opposite orientation, respectively; S 2 × S 2 ∼ = CP 2 # CP 2 for the twisted S 2 -bundle over S 2 ; b i (M) for the i-th Betti number of M and
for the intersection form of M (see [6] , [8] or [11] The results concerning branched covering representation of submanifolds, which will be obtained in proving the main theorem, as we said in the introduction, can be better stated in light of the next definition. Notice that, if p is a (simple) d-fold branched covering as in the definition, then each restriction
Given two closed oriented locally flat PL surfaces F 1 , F 2 ⊂ M in the closed oriented PL 4-manifold M, we will denote by 
In both cases, 
respectively a section with self-intersection n and a fiber of the trivial bundle
respectively a section with self-intersection n and a fiber of the twisted bundle
In both cases,
We observe that a section as specified in the above statement exists for every integer n. In fact, given two copies of the trivial bundle B 2 × S 2 → B 2 , we can glue them along the boundary by the map (α, x) → (α, ρ nα (x)), with ρ α : R 3 → R 3 the rotation of α radians around the third axis. In this way, we get the trivial bundle S 2 × S 2 → S 2 or the twisted bundle S 2 × S 2 → S 2 , depending on the parity of n, with two natural sections deriving from the two copies of B 2 × {(0, 0, ±1)}, both having self-intersection n. 
, and B p is a closed locally flat PL surface self-transver-
Our last result is not related to the main theorem. Still, we include it for the sake of completeness, since it provides a representation of surfaces in 4-manifolds as branched covering of trivial 2-spheres in S 4 (cf. [13] for links in 3-manifolds).
Theorem 7. Let M be a closed connected oriented PL 4-manifold and F ⊂ M be a closed oriented locally flat PL surface with k connected components 
In particular, any closed oriented locally flat PL surface F ⊂ S 4 admits a branched covering representation as in the theorem.
Proofs
First of all we need the following technical definition.
Definition 8. A simple branched covering p : M → S
3 is said to be ribbon fillable if it can be extended to a simple branched covering q : W → B 4 whose branch set B q ⊂ B 4 is a ribbon surface (which immediately implies that M = ∂W , B p = ∂B q ⊂ S 3 is a link, and d(p) = d(q)). For the sake of convenience, we also call ribbon fillable any simple branched cover p :
that is a disjoint union of ribbon fillable coverings.
We recall that any compact connected oriented 4-dimensional 2-handlebody W is a simple 3-fold covering of B 4 branched over a ribbon surface in B 4 (see [12] ), and that any closed connected oriented 3-manifold M can be realized as the boundary ∂W of such a handlebody W . More precisely, a ribbon fillable simple 3-fold branched covering p : M → S 3 can be constructed starting from any Kirby diagram that provides an integral surgery presentation of M (see [3, 4] ).
Up to covering stabilization, a (simple) d-fold branched covering over S n or B n can modified into a (simple) branched covering having an arbitrary degree d ′ > d. This changes the branch set by the addition of
. Then, any stabilization of a ribbon fillable covering p : M → S 3 is still ribbon fillable. The proof of all the results stated in the previous section depend on the following theorem, which was established in [15] . Finally, we can define the desired covering p as the union of the coverings t and q, which share the same restriction to the boundary. Namely,
Proof of Theorem 5. For the sake of convenience, we denote by ξ : X → S 2 the trivial bundle S 2 × S 2 → S 2 or the twisted bundle S 2 × S 2 → S 2 , depending on whether n is even or odd.
Let x 1 , . . . , x d ∈ M be the points of F 1 ∩ F 2 . For each i = 1, . . . , d, let U i ⊂ F 1 and V i ⊂ F 2 be disk neighborhoods of x i in F 1 and F 2 , respectively, such that
2 that canonically identify F 1 and F 2 with the 0-section of ξ F 1 ,nd and ξ F 2 ,0 , respectively. We can arrange T F 1 and T F 2 in such a way that τ
Similar data x, U, V, T with the 0-section of ξ S 2 1 ,n and ξ S 2 2 ,0 , respectively; τ S 2
is a regular neighborhood of S , we can apply Lemma 10 to get the induced simple d-fold branched coverings t 1 :
As it can be easily realized, t 1 and t 2 can be arranged in such a way that their restrictions over U × V both coincide with the same trivial ordinary covering in the base spaces, and τ F 1 and τ F 2 in the total spaces. This allows us to consider their union t = t 1 ∪ t 2 :
, which still is a simple d-fold branched covering.
In the usual Kirby diagram representation of X, with two 2-handles attached to B 4 along the components of the Hopf link, one with framing n to give T S 2 1 and the other with framing 0 to give T S 2 2 , the branch set B t consists of 2(g(F 1 ) + d − 1) disks parallel to the co-core of the former 2-handle and 2(g(F 2 )+d−1) disks parallel to the co-core of the latter 2-handle. The disks of each family have the same monodromy in pairs.
Looking at the complement of the considered tubular neighborhoods, we put
4 . The restriction of t to the boundary gives a simple d-fold branched covering t |∂ : ∂W → ∂Y ∼ = S 3 . In the above mentioned Kirby diagram representation of X, the branch set B t |∂ = B t 1|∂ ∪ B t 2|∂ consists of 2(g(F 1 ) + d − 1) "parallel" copies of the belt sphere of the n-framed 2-handle and 2(g(F 2 ) + d − 1) "parallel" copies of the belt sphere of the 0-framed 2-handle (see left side of Figure 1 ). Then, t |∂ is ribbon fillable by a simple covering of B 4 branched over the ribbon surface described on the right side of Figure 1 . So, we 
Proof of Theorem 6.
According to what we said at the beginning of this section, there exists a ribbon fillable d-fold branched covering c : n the two hemispheres bounded by S n−1 ⊂ S n . Therefore, we can put p = p 1 ∪ p 2 : M → S 4 . In the case where N does not disconnect M, we consider the decomposition
, which by Theorem 9 admits a simple d-fold extension
+ . So, also in this case we can conclude by putting
Proof of Theorem 1. First of all, we recall the well known fact that in a closed connected oriented PL 4-manifold M any homology class α ∈ H 2 (M) can be represented by a closed oriented locally flat PL surface F ⊂ M (see [6] or [8] ). Moreover, F can be easily made connected by embedded surgery. Similarly, any homology class α ∈ H 3 (M) can be represented by a closed oriented locally flat PL 3-manifold N ⊂ M, but in this case N can be made connected only if α is primitive (see [10] ).
(a). Given any d-fold branched covering p : M → CP 2 , we can assume up to PL isotopy that B p ⊂ CP 2 meets CP 1 transversally. Then, F = p −1 (CP 1 ) ⊂ M is a closed oriented locally flat PL surface, which represents a non-null element
For the converse, assume that b 2 (M) ≥ 1 and β M is not negative definite. If β M is odd, then it is diagonalizable. This follows by a theorem of Donaldson for definite intersection forms of closed oriented PL 4-manifolds [5] , while it is a general fact for odd indefinite unimodular forms [11] . Hence, there exists δ 1 ∈ H 2 (M)/ Tor H 2 (M) such that β M (δ 1 , δ 1 ) = 1, and for b 2 (M) ≥ 2 there exists also δ 2 ∈ H 2 (M)/ Tor H 2 (M) such that β M (δ 1 , δ 2 ) = 0 and β M (δ 2 , δ 2 ) = ±1. Otherwise, if β M is even, then, again by Domaldson's theorem [5] , it is indefinite, and so it contains a hyperbolic direct summand (see [11] , [6] or [8] ). For a basis η 1 , η 2 ∈ H 2 (M)/ Tor H 2 (M) of such subspace, we have β M (η 1 , η 1 ) = β M (η 2 , η 2 ) = 0 and β M (η 1 , η 2 ) = 1. In both cases, there exists ϕ ∈ H 2 (M)/ Tor H 2 (M) such that β M (ϕ, ϕ) = 4, with ϕ = 2δ 1 for β M odd, and ϕ = η 1 + 2η 2 for β M even.
The desired branched covering p : M → CP 2 can be obtained by applying Theorem 4 (a) to F ⊂ M, with F any closed connected oriented locally flat PL surface that represents the homology class ϕ, and d = 4. In this way, the branch set B p turns out to be a closed locally flat PL surface self-transversally immersed in CP 2 .
To obtain an embedded branch set, we can apply Theorem 4 (a) with F representing a suitable different class ϕ ′ . Namely:
(b). This case immediately follows from case (a), by reversing the orientations.
(c) and (d). Denote by ξ : X → S 2 the bundle S 2 × S 2 → S 2 or S 2 × S 2 → S 2 , depending on the case, and let S 2 1 , S 2 2 ⊂ X be any PL section and fiber of ξ, respectively. Given a branched d-fold covering p : M → X, we can assume up to PL isotopy that B p ⊂ X meets both the surfaces S 
2 ) ⊂ M are closed oriented locally flat PL surfaces such that F 1 · F 2 = d > 0 and F 2 · F 2 = 0. It follows that the homology class ϕ ∈ H 2 (M)/ Tor H 2 (M) represented by F 2 is non-zero and β M (ϕ, ϕ) = 0. Therefore, β M is indefinite, and so b 2 (M) ≥ 2.
Vice versa, assuming b 2 (M) ≥ 2 and β M indefinite, we want to construct a branched covering p : M → X by applying Theorem 5 to a pair F 1 , F 2 ⊂ M of closed connected oriented locally flat PL surfaces, with F i representing a suitable homology class ϕ i ∈ H 2 (M)/ Tor H 2 (M). The choice of such classes will depend on whether X is S 2 × S 2 or S 2 × S 2 , β M is odd or even, and we insist that the branch set B p is an embedded surface or not. In all the cases,
, and d = 4 if transversal self-intersection are admitted for B p , while d = 5 or 6 if B p is required to be embedded. Once the two classes ϕ 1 and ϕ 2 are chosen, we can isotope F 2 to meet F 1 transversally, and then an embedded surgery can be performed, without changing the homology classes, to eliminate each pair of opposite intersection points (if any) between F 1 and F 2 . This determines new surfaces, which we still denote by F 1 and F 2 , with d transversal positive intersection points, as in the hypotheses of Theorem 5.
We are left to choose the classes ϕ 1 and ϕ 2 . If β M is odd, then it is diagonalizable and so there exist δ 1 , δ 2 ∈ H 2 (M)/ Tor H 2 (M) such that β M (δ 1 , δ 1 ) = 1, β M (δ 1 , δ 2 ) = 0, and β M (δ 2 , δ 2 ) = −1. Then, we get: d = 4 and n = 0, for ϕ 1 = δ 1 + δ 2 and ϕ 2 = 2(δ 1 − δ 2 ); d = 6 and n = 0, for ϕ 1 = δ 1 + δ 2 and ϕ 2 = 3(δ 1 − δ 2 ); d = 4 and n = 1, for ϕ 1 = 2δ 1 and ϕ 2 = 2(δ 1 − δ 2 ); d = 5 and n = 1, for ϕ 1 = 3δ 1 + 2δ 2 and ϕ 2 = δ 1 − δ 2 . If instead β M is even, there exist η 1 , η 2 ∈ H 2 (M)/ Tor H 2 (M) such that β M (η 1 , η 1 ) = β M (η 2 , η 2 ) = 0 and β M (η 1 , η 2 ) = 1 (see the analogous case in the proof of (a) above). In this case, we get: d = 4 and n = 0, for ϕ 1 = η 1 and ϕ 2 = 4η 2 ; d = 5 and n = 0, for ϕ 1 = η 1 and ϕ 2 = 5η 2 ; d = 4 and n = 1, for ϕ 1 = η 1 + 2η 2 and ϕ 2 = 4η 2 ; d = 6 and n = 1, for ϕ 1 = η 1 + 3η 2 and ϕ 2 = 6η 2 .
(e). Given any d-fold branched covering p : M → S 3 × S 1 , we can assume up to PL isotopy that B p ⊂ S 3 × S 1 meets S 3 × { * } transversally and is disjoint from { * } × S 1 . Then, N = p −1 (S 3 × { * }) ⊂ M and C = p −1 ({ * } × S 1 ) ⊂ M are closed oriented locally flat PL submanifolds of dimensions 3 and 1, respectively, such that N · C = d > 0. Then, C represents a non-trivial homology class in H 1 (M)/ Tor H 1 (M), and so b 1 (M) ≥ 1.
The singularities of the branch surfaces of all the 4-dimensional simple branched coverings we have constructed, namely the transversal self-intersections, originate from the application of Theorem 9, which was proved in [15] . In the construction therein, such singularities appear in pairs, so one can investigate at what extent they can be eliminated, without increasing the covering degree. Then, we conclude by asking the following question (cf. Problem 4.113 (A) in Kirby's list [9] ). 
